Jean-Marie Dufour September 2011 Compiled: October 18, 2011

ECONOMETRICS 1 EXERCISES 1 Covariance matrices

1. Let X = (X_1,...,X_k)^′ a k × 1 random vector, α a scalar, a and b fixed k × 1 vectors, and A a fixed g×k matrix. Then, provided the moments considered are finite, show that the following properties hold:

(a) E(X + a) = E(X) + a ; (b) E(αX) = αE(X) ;

(c) E(a^′X) = a^′E(X) , E(AX) = AE(X) ; (d) V (X + a) = V (X) ; (e) V (αX) = α^2V (X) ;

(f) V (a^′X) = a^′V (X)a , V (AX) = AV (X)A^′ ; (g) C(a^′X, b^′X) = a^′V (X)b = b^′V (X)a .

2. Let X = (X_1,..., X_k)^′ be a random vector with finite second moments and let Σ = V (X) be its covariance matrix. Prove the following properties.

(a) Σ^′ = Σ .

(b) Σ is a positive semidefinite matrix.

(c) If there exists a nonzero k × 1 fixed vector a and a constant b such that X^′ a = b with probability one, then Σa = 0 and Σ has rank less than k.

(d) If the matrix Σ is singular, then there exists a nonzero k ×1 fixed vector a and a constant b such that X^′ a = b with probability one.