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Let X andY be real random variables, and teands be real positive constants > 0, s > 0).
The distribution functions oX andY are denotedfx (x) = P[X < x] andF (x) = P[Y <X].

1. Existence of moments

1.1 EXISTENCE OF ABSOLUTE AND ORDINARY MOMENTS E(|X]|) always exists in the extended
real numberR = RU {o} U{—} andE(|X|) € [0,]; i.e., either E(|X|) is a non-negative real
number orE(|X]|) = co.

1.2 E(X) exists and is finite= E(|X]) < .

1.3 E(|X]) <= |[E(X)| <E(|X]) <00,

14 If0 <r <s, then
E(]X]?) < o= E(|X|") < co. (1.1)

1.5 MONOTONICITY OFL;. LsCL;forO<r<s.

1.6 E(|X|") < o = E(X¥) exists and is finite for all integekssuch that O< k <r.

2. Moment inequalities

2.1 C-INEQUALITY.

E(X+Y[") <c[E(X]") +E(Y[")] (2.1)
where
G =1 ifo<r<1,
=21 ifr>1. (2.2)

2.2 MEAN FORM OFC-INEQUALITY.

E(3X+Y)IN) < (2) [E(XI)+E(Y)], ifo<r<1,

(2.3)
< ZIE(IX|") +E(IY[")], if r> 1.
2.3 CLOSURE OFL,. Letaandb be real numbers. Then
XelrandY e, = aX+hY elL,. (2.4)
. 1 1
24 HOLDER INEQUALITY. Ifr>1 and? + = 1, then
E(IXY]) < [E(IX[)YE(Y[S)]MS. (2.5)



2.5 CAUCHY-SCHWARZ INEQUALITY.
E(IXY]) < [E(X?)MZE(Y?)]Y2. (2.6)
2.6 MINKOWSKI INEQUALITY. If r > 1, then
E(X + Y)Y < [E(XI)IM" + EQY)]Y" (2.7)
2.7 MOMENT MONOTONICITY. [E(|X|")]*/" is a non-decreasing function ofi.e.
0<r<s= [E(X)M" < [E(X]9)M*. (2.8)
2.8 Theorem LiaPUNOV THEOREM. log[E(|X|")] is a convex function df, i.e. for anyA € [0, 1],
log[E(IX "™ -A%)] < Alog[E(|X|")] + (1 — A) log[E(|X[*)]. (2.9)

29 LOWERBOUNDS ON THE MOMENTS OF A SUMIf E(|X]|") < o, E(]Y|") < e andE(Y|X) =0,
then
E(IX+Y[|") > E(X|"), forr>1 (2.10)

210 JENSEN INEQUALITY. If g(x) is a convex function ofR andE(|X|) < o, then, for any
constant € R,
g(c) < E[g(X —EX +0)] (2.11)

and, in particular,
9(EX) < E[g(X)]. (2.12)

3. Markov-typeinequalities

31 MARKOV INEQUALITIES. Letg:R — R be a function such thaj(X) is a real random
variable,E(|g(X)|) < e« and
PO<g(X)<M]=1 (3.1)

whereM € [0, «]. If g(x) is a non-decreasing function @ then, for alla € R,

ElgX)]-9(a) Elg(X)]

v <PX>a < 9 (@ (3.2)
If g(x) is a non-decreasing function ¢@ «) andg(x) = g(—x) for anyx, then, for alla > 0,

M g(a)

where Q0= 1.



3.2 CHEBYSHEV INEQUALITIES. If P[|X| < M] =1, whereM € [0, «], then, for alla> 0,

E(X]) —a

D2 ppxj > a < B, (3.4

al'

3.3Theorem REFINED MARKOV INEQUALITIES. Letg:R — R be a function such thatX) is
a real random variabl&(|g(X)|) < « and

g(x) <My forx> Ay, (3.5)

0 <
0 < g(X) <M forx<A, (3.6)

whereO <My < 0, 0< M. <0, 0<Ay < wand0<A_ < . Letalso

CGu(ga)= [ g0dx, Cga)
)

[a7 ©

| g drx(x). @7
J

(—,a
(a) If g(x) is nondecreasing di\y, ), then, fora> Ay,

Cu(9. )
My

<PX>al<

(3.8)

(b) If 9(X) is nonincreasing ofi-, A_], then, fora < A_,

CL(97 a')
Mc

<P[X<ad < (3.9)

(c) If g(x) is nondecreasing onAy,») and nonincreasing or{—e, A ], then, for a >
max{|Ay|, |ALl},

Cu(g,a) N CL(9, @)
g(a) g(—a
+

IN

P[IX| > a]

IN

(3.10)

CU (gv a) + CL(g7 a)
Mu M.
cU (gv a) +CL(g7 a)
max{My, M}

P[IX| > 2]

v

(3.11)

4. Momentsand behavior of tail areas

41Lemma RIEMANN-STIELTJES INTEGRATION BY PARTS Letf:R—-Randg:R—R
two real-valued functions andwo < a < b < 4. If the (Riemann-Stieltjesintegral f;’g(x) df(x)



exists, then the integrag’ f(x) dg(x) and f;’[A— f(x)]dg(x) also exist and

b b
| a00dit0 = gb)f(b)—gla)f(a)— [ 10x) dg(

~ [A-T@lo(@ ~gb)A-f(b)+ | A, @)
for any real constar#, with
b b
[ 109dg09 = [0 g/ 090x (4.2)
and
b b
| A= 101dg00 = [ A= (9] g 0k (4.3)

if g is continuous ofe, b] as well as differentiable dia, b) and the Riemann integrﬁj’ f(x) g (x)dx
exists(whereg' can take arbitrary real valuesaandb).

42 Lemma CENTERED RIEMANN-STIELTJES INTEGRATION BY PARTS Letf:R — R and
g: R — R two real-valued functions ando < a <c<b < +c. If the integralsf;’ g(x)df(x),
[Sg(x)df(x) and [2g(x)df(x) exist, then the integralf f(x)dg(x) and [° f (x) dg(x) also exist,
and

ot = Agto)— (al)iA— f(b)] + g1 (@)
+/ A— f(x)] dg(x) /f ) dg(x) (4.4)

for any real constarf, with

/ £(x) dg(x) / F(x (4.5)

if g is continuous ofe, c] as well as differentiable ofa, c) and the Riemann integr#f f (x) g (x)dx
exists(whereg' can take arbitrary real valuesatndc), and

b b
A= 1091dg00 = [ 1A= 10019/ dx (4.6)

if g is continuous oric, b] as well as differentiable ofc,b) and the Riemann integrg{f[A—
f(x)] g (x)dx exists(whereg can take arbitrary real values@andb).

4.3Lemma BOUNDED MONOTONICITY CONDITION FOR TAIL CONVERGENCE OF AN INE-
GRABLE FUNCTION. Letf:R — R andg:R — R two real-valued functions, and let M be two
real constants.



(a) If f(x) is monotonic nondecreasing on the interirato, m) with finite limit asx — —oo, and if
g satisfies the inequality
l9(a)] <BL(X), for x<a<m (4.7)

whereBy () is a real-valued function such thAE, B (x)df(x) exists, then
a
0<|g(a)|[f(a) — f(—)] g/ BL(x)df(x), fora<m, (4.8)

wheref (—w) = lim f(x) > —o, and

X— —00

lim g(a)[ f(a) — f(—w)] =0. (4.9)

a—o00

(b) If f(x) is monotonic nondecreasing on the interikdl «) with finite limit asx — o, and ifg
satisfies the inequality

lg(b)| < |g(X)|+Buy(x), for x>b>M (4.10)

whereBy (X) is a real-valued function such thgf By (x) df (x) exists, then
0< Ig(b)| [f(=) ~ 1(B)] < | Bu(x)df(x), forb>M. (4.11)
b

wheref (o) = lim f(x) < o, and

X—00

lim g(b) [f (o) — (b)] = 0. (4.12)

b—oo

It is easy to see that (4.7) holds wheneyét, |g(x)| df (x) exists and one of the following
conditions holds: for some real constéit

lg(a)] < |g(x)|+B, for x<a<m; (4.13)
|g(x)| is nondecreasing on the interval, «); (4.14)
g(x) is bounded on the intervéM, o). (4.15)

Further, in case (4.13), we have:

0<|g(a)[[f(a) = f(—)] < /a 1909 df(x) +B[f(a) — f(—)]. (4.16)

—00

Similarly, (4.10) holds whenever one of the following conditions holds: éone real constar,
lg(a)] <|g(x)|+B, for x>b>M; (4.17)

|g(x)| is nonincreasing on the intervik-co, m); (4.18)



g(x) is bounded on the intervél-oc, m). (4.19)

Further, in case (4.17), we have:
0< lg(b)] [£(0) ~ £(b)] < [ Ig00| A ()+ B[ (e2) — (0] (4.20)

4.4 Proposition MOMENT EXISTENCE AND TAIL AREA DECAY. Letr > 0. If E(|X]|") < o, then

im OCPX =} = im {x P(X <]}
= lim (X P[X| >x]} =0. (4.21)

In particular, ifE(|X|) < o, then

lim (xPX>x} = lim {)XPX<X}
= lim {xP[IX| > X} =0. (4.22)

45Theorem DISTRIBUTION DECOMPOSITION O -MOMENTS. For anyr > 0,

/mxrde(x) - r/mxr‘l[l—Fx(x)]dx, (4.23)
0 0

E(X[) = r/oooxr_lP(\X|2x)dx
= [ R0+ R, (4.24)
and

E(|X|") < 00 < X IP(|X| > x) is integrable or{0, +)
& X" [1— Fx(X) 4 Fx(—x)] is integrable orf0, o)

@/ 11— Fx(x ]dx<ooand/ X" x (X)dx < co. (4.25)
4.6 Proposition DISTRIBUTION DECOMPOSITION OF THE FIRST ABSOLUTE MOMENT
| xR = [ 1= Fx (] (4.26)
0 0
E\X\:/ P(IX| > x)dx, (4.27)
0

and

E(|X|) < o< P(|X| > x) is integrable or{0, +)



< [1—Fx(X) + Fx(—x)] is integrable orf0, +)
@/Om[l—Fx(x)]dx<ooand/_o Fx(X)dx < oo. (4.28)

4.7 Proposition MOMENT-TAIL AREA INEQUALITIES. Letg(X) be a nonnegative strictly increas-
ing function on|0, ) and letg~1(x) be the inverse function @f Then,

[o0) [o0)

> PIX| =g H(n)] <E[g(X)] < ZDP[IXI >g (). (4.29)

n=1 n—=

In particular, for anyr > 0,

S P(X|=nt) < E(X[N) < §P<\><|>n1/f>
n=1 n—

< 1+ 5 P(X> nt"). (4.30)
n=1

4.8 Corollary MEAN-TAIL AREA INEQUALITIES. If X is a positive random variable,

8

PX>n) <EX)<1+ % P(X >n). (4.31)
n=1

n=1

5. Momentsof sums of random variables

In this section, we consider a sequepge. .. , X, of random variables, and study the moments of
the corresponding sum and average:

n —
Sﬂzzlxia Xn:Sq/n. (51)
i=
5.1 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VARIABLES
n
E(ISI) < 3 E(IX]"), ifo<r<i,
oo (5.2)
<nty E(X[N), ifr>1,
i=1
and )
E(%l) < (})" 5 E(X]N), ifo<r<1,
L0 . (5.3)
<53 E(XI), ifr>1



5.2 Proposition MINKOWSKI INEQUALITY FOR N VARIABLES. Ifr > 1, then
n
[E(1S\[)]M" < _Zl[E(er)]l/r (5.4)
1=
and

EQRYT < 12[ (1)

{ qum}”. (5.5)

5.3 Proposition  BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VARIABLES
UNDER CONDITIONAL SYMMETRY. If the distribution ofXy,1 givenS is symmetric about zero
fork=1,...,n—1 andE(|X|") <e,i=1,...,n, then

3

IN
D\H

n

E(IS\[") Zl (I%[") fori<r<2, (5.6)
and L
- il <r< .
]Xn] (n) ZlE(\X.] ) forl<r<2, (5.7)
with equality holding whem = 2.

54 PI’OpOSitiOﬂ BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VARIABLES
UNDER MARTINGALE CONDITION. If

EXu1|S) =0 as., k=1,....,n—1, (5.8)

ande(|X|") <, i=1,...,n, then

E(\Sn\r)gziE(\Xi]r), for1<r<2, (5.9)
and
E(|X|") < ) ZlE IX|"), forl<r<2. (5.10)
Furthermore, for = 2,
= ZlE(XiZ). (5.11)

55 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VARIABLES



UNDER TWO-SIDED MARTINGALE CONDITION. Let
mH-1
i—{ 74k

If
E(Xk|Sm(k)):0 a.s., fol<k<m+1<n,
ande(|X|") <o, i=1,...,n, then

r 1 d r
E(S)) < <2_n> ;E(w ), forl<r<2,

1

Bl < (n) (2-3) 2 EOXI). forisr<z

(5.12)

(5.13)

(5.14)

(5.15)

5.6 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF INDEPENDENT RANDOM
VARIABLES. Letthe random variables, ..., X, be independent with(X;) = 0 andE(|X|") < oo,

i=1...,n andlet
D(r) = [13.52/(2.6m)"] I (r)sin(r7/2).

IfD(r) <1andl<r <2 then

E(S) < [1-D0)] 3 EGXP).

and
n

(%) < (3) oo

ZE(|Xi]r), forl<r<2.

(5.16)

(5.17)

(5.18)



6. Proofs

1.1t03.2. See Loéve (1977, Volume I, Sections 9.1 and 9.3, pp. 151-162).eRsed inequality,
see also Chow and Teicher (1988, Section 4.3, pp. 103-106). H&h®88), Lehmann and Shaffer
(1988), Piegorsch and Casella (1988) and Khuri and Casella (208@)ssed conditions for the
existence of the moments of X.

2.9. Seevon Bahr and Esseen (1965, Lemma 3).

PROOF OFTHEOREM3.3  (a) Forx>a> Ay, we haveg(x) > g(a) andg(x) < My, hence

Qga)= [ g dR(>g@ [ (¥ —g@P[x>a
3, )

[a,e)

and
[ 9000 <MP[x >4,
(8, %)

from which we get the inequality

(b) Forx <a < A_, we haveg(x) > g(a) andg(x) < M., hence

Gga= [ 9 =g@ [ R =g@PX<a

[7 oo,a) [70073)

and
[ 9 drc) <MPx <d
)

from which we get the inequality

CL (g’ a)
ML

CL (g» a)
g(a)

(c) Fora> max(|Auy|,|AL|), we havea> Ay and—a < A_, hence

<P[X<a <

P[X|>a = P[X>a+P[X< -4
< CU (ga a) CL (g7 a)
- d(a) g(a)

oF (ga a) +CL (g7 a)
min{g(a),g(-a)}

IA

10



and

CU (g7 a) + C:L (97 a)
Mu M.
CU (g> a) +CL (gv a)

max(MU s ML) '

PIIX| >4 >

O

PROOF OFLEMMA 4.1 The firstidentity in (4.1) part is given by Devinatz (1968, Theorem 5.4.8,
page 213) and Protter and Morrey (1991, Theorem 12.12, pagev8aily the second follows from
the latter on observing that

b b b b
- [(100dg09 = [A=T09—Aldge = [ (A= 1001dg09 A [ "dg(
b
~ [ 1A= 1(]dg) —Alg(b) - g(a) 6)
and rearranging the terms of the sum. Equation (6.1) also entails the existetiee integral
f;’[l— f(x)]dg(x). The identities (4.2)-(4.3) follow on observing that we can wliggx) = g'(x)dx
wheng is differentiable [see Devinatz (1968, Theorem 5.4.7, page 213)]. O

PROOF OFLEMMA 4.2  Using Lemma4.2, we get:

/:g(x)df(x) _ /g X)df (x +/g X)df (x

— glof(c) /f )dg(x)

+[A—f< Jote) ~aB)(A— 1(b)] + [ 1A~ f(0]da(x
= Ag()—{g(b)(A~ (b)) +g(a)f(a)}

+/ A— f(x)]dg(x) — /f 6.2)

O]

PROOF OF LEMMA 4.3 (@) The existence of the Iimi)'E 1imf(x) entails that the integral

2, df(x) = f(a) — f(—o) also exists. Sinced (x) is monotonic nondecreasing on the interval
(—o0,m) and /™ By (x)df (x) exists, we get from (4.7): faa < m,

o< [ lg@ldt9 < [ Bxdi) 63)

—00

11



hence a
0< Jg(@) [f(@)~ f(~=)] < [ BL(Xdf(X). (6.4

Lettinga — —oo, this yields

0< Jim lo(@[f(a) ~ f(~w) < lim_[" B (x)df(x)=0 (65)

and
lim g(a)[ f(a) — f(—»)] =0. (6.6)

a—o00
(b) The existence of the Iimixt linfi(x) entails that the integrgl" d f (x) = f () — f(b) also exists.

Since f(x) is monotonic nondecreasing on the inter(sl, «) and fi; By (x) df (x) exists, we get
from (4.10): forb > M,

o</ Ig(b)| df (x /BU X)df (x 6.7)
hence -
0 [g(b)| [()— (0] < | Bu(9df(x). 68)
Lettingb — o, this yields
0< im [g(b)][f(=s)~ F(B)] < fim [ Bu(x)df(x (6.9)
and
lim g(b)[f () — £ (b)] =0. (6.10)
O

441t04.6. See Feller (1966, Section V.6, Lemma 1), Chung (1974, Section 3.%iEse17-18),

Serfling (1980, Section 1.14, pp. 46-47) and Chow and Teicher (198&ion 4.3, pp. 103-106).
For other inequalities involving absolute moments, the reader may consubidke@d984).

4.7. See Chow and Teicher (1988, Section 4.1, Corollary 3, p. 90).

4.8. The inequality (4.31) is given by Chung (1974, Theorem 3.2.1) anflirgp(1980, Section

1.3, p. 12).

5.1. Seevon Bahr and Esseen (1965), Chung (1974, p. 48) and GitbWeicher (1988, p. 108).
5.2. See Chung (1974, p. 48).

PROOF OF PROPOSITION 5.2  The first inequality follows by recursion on applying the
Minkowski inequality for two variables. The first part of the second ity is obtained by mul-
tiplying both sides of the first one L /n). The second part follows on observing that the function
xY/" is concave in for x > 0 whenr > 1. O

5.3. See von Bahr and Esseen (1965, Theorem 1).
5.4. See von Bahr and Esseen (1965, Theorem 2).

12



5.5. See von Bahr and Esseen (1965, Theorem 3).
5.6. See von Bahr and Esseen (1965, Theorem 4).

13
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