ARIMA model validation^∗

Jean-Marie Dufour^† McGill University

First version: September 2000 Revised: February 2008 This version: February 13, 2008 Compiled: February 13, 2008, 2:40pm

∗ This work was supported by the William Dow Chair in Political Economy (McGill University), the Canada Research Chair Program (Chair in Econometrics, Université de Montréal), the Bank of Canada (Research Fellowship), a Guggenheim Fellowship, a Konrad-Adenauer Fellowship (Alexander-von-Humboldt Foundation, Germany), the Institut de finance mathématique de Montréal (IFM2), the Canadian Network of Centres of Excellence [program on Mathematics of Information Technology and Complex Systems (MI- TACS)], the Natural Sciences and Engineering Research Council of Canada, the Social Sciences and Humanities Research Council of Canada, the Fonds de recherche sur la société et la culture (Québec), and the Fonds de recherche sur la nature et les technologies (Québec), and a Killam Fellowship (Canada Council for the Arts).2_†

William Dow Professor of Economics, McGill University, Centre interuniversitaire de recherche en analyse des organisations (CIRANO), and Centre interuniversitaire de recherche en économie quantitative (CIREQ). Mailing address: Department of Economics, McGill University, Leacock Building, Room 519, 855 Sherbrooke Street West, Montréal, Québec H3A 2T7, Canada. TEL: (1) 514 398 8879; FAX: (1) 514 398 4938; e-mail: jean-marie.dufour@mcgill.ca . Web page: http://www.jeanmariedufour.com

Contents

1. Problem 1 2. Correlogram of a white noise 1 3. Correlogram of residuals 2 4. Ljung-Box statistic 2

i

1. Problem

X_t ∼ ARIMA (p, d, q) φ (B) ∇^dX_t = φ_0 + Θ (B) a_t .

After estimation of the parameters. we expect that residuals â_t be approximately a white noise.

The criterion of success for ARIMA model is: to reduce a time series to the white noise structure.

Let us examine how we can test whether a series a, . . . , a_N is a white noise.

2. Correlogram of a white noise Let a_1, ..., a_N ∼ BB � 0, σ^2_a � . (2.1) Then r_k (a) =

N−k� t=1 a_ta_{t+k} / N� t=1 a^2_t (2.2)

is an estimator of E (a_ta_{t+k}) /E(a^2_t ) .

For N large,

r_k(a) ∼ N � 0, 1 N � (2.3)

r_k (a) 1/ √ N ∼ N [0, 1] . (2.4)

Furthermore, we can show that r_k (a) , k = 1, ..., K, where K < N, are independent. Hence : Q (r) = K� k=1 � r_k(a) 1/ √ N �_2 = N K� k=1 r_k (a)^2 ∼ χ^2 (K) .

We can test whether a_1, ..., a_N constitute a white noise.

3. Correlogram of residuals

Instead of a_1, ..., a_N , we have â_1, ..., â_N . We wish to test

H_0 : an ARIMA (p, d, q) is adequate. (3.1)

Let us examine the autocorrelations:

r_k (â) , k = 1, . . . , K.

For N large, √ N r_k (â)^a∼ N [0, 1] , k = 1, . . . , K.

but they are not independent.

However, one can show [Box and Pierce (1970)] that

r̂ ≃ (I − D) r

where r = � � � r_1 (a) . . r_K (a)

� � � , r̂ = � � � r_1 (â) . . r_K (â)

� � � (3.2) and I_K − D is an idempotent matrix of rank K − ℓ, ℓ = p + q. (3.3)

Thus √ N r^a∼ N_K (0, I_K ) (3.4) √ N r̂ ≃ (I_K − D) √ N r^a∼ N_K (0, I_K − D) (3.5)

Q (r̂) = N K� k=1 r_k (â)^2 ∼ χ^2 (K − ℓ)

p + q does not include the constant.

4. Ljung-Box statistic

For relatively short series, approximating the distribution of Q by a χ^2 (K − ℓ) distribution can yield very unreliable results [see Davies, Triggs and Newbold (1977)]. In particular,

E (Q) < E � χ^2 (K − ℓ) � . (4.1)

Ljung and Box (1978) have proposed a modification which improves the approximation. Consider first the case of white noise:

V ar [r_k (a)] =

N − k N (N + 2)

, k = 1, 2, . . . , K ,

r_k (a) �_{N−k}

N(N+2)

∼ N (0, 1) (4.2)

where N − k N (N + 2) < 1 N . (4.3)

Q̃ (r) =^K � k=1 � � r^k (a) �_{N−k}

N(N+2)

� � 2 = N (N + 2) K� k=1 r_k (a)^2 N − k . With estimated residuals, we use:

Q̃ (r̂) = N (N + 2)^K � k=1 (N − k)^{−1} r_k (â)^2 ∼ χ^2 (K − ℓ) .

This statistic is called the Ljung-Box statistic

References

Box, G. E. P. and Pierce, D. A. (1970), ‘Distribution of residual autocorrelations in autoregressive-integrated moving average time series models’, Journal of the American Statistical Association 65, 1509–1526.

Davies, N., Triggs, C. M. and Newbold, P. (1977), ‘Significance levels of the Box-Pierce portmanteau statistic in finite samples’, Biometrika 64, 517–522.

Ljung, G. M. and Box, G. E. P. (1978), ‘On a measure of lack of fit in time series models’, Biometrika 65, 297–303.